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SUMMARY 
One geometry c u r r e n t l y  under c o n s i d e r a t i o n  f o r  t h e  A e r o a s s i s t  F l i g h t  
Experiment (AFE) v e h i c l e  i s  composed of s e v e r a l  segments  of s imple  
g e n e r a l  c o n i c s :  a n  e l l i p s o i d a l  nose  t a n g e n t  t o  a n  e l l i p t i c a l  cone and a 
base  s k i r t  w i t h  t h e  base  p lane  raked  r e l a t i v e  t o  t h e  body axis .  An 
a n a l y t i c  r e p r e s e n t a t i o n  for the  body c o o r d i n a t e s  and f i r s t  and second 
p a r t i a l  d e r i v a t i v e s  of t h i s  c o n f i g u r a t i o n  h a s  been developed .  Equa t ions  
are g i v e n  which d e f i n e  t h e  body r a d i u s  and p a r t i a l  d e r i v a t i v e s  f o r  a 
p r e s c r i b e d  ax ia l  and c i r c u m f e r e n t i a l  p o s i t i o n  on t h e  v e h i c l e .  The 
r e s u l t s  f o r  a sample c a s e  a r e  t a b u l a t e d  and p r e s e n t e d  g r a p h i c a l l y .  
INTRODUCTION 
To f u r t h e r  e x p l o i t  t h e  o p p o r t u n i t i e s  i n  near  and f a r  space,  a new 
f a m i l y  of v e h i c l e s ,  known as a e r o a s s i s t  v e h i c l e s ,  have been proposed.  A 
rev iew of s e v e r a l  a e r o a s s i s t  v e h i c l e  concep t s  i s  g iven  by Walberg i n  
r e f e r e n c e  1. These v e h i c l e s  w i l l  t y p i c a l l y  o p e r a t e  i n  t h e  upper  r e a c h e s  
of t h e  atmosphere a t  v e l o c i t i e s  h i g h e r  t h a n  t h o s e  u s u a l l y  encoun te red  by 
o t h e r  r e e n t r y  v e h i c l e s  and u t i l i z e  t h e i r  aerodynamic c h a r a c t e r i s t i c s  t o  
assist i n  c a r r y i n g  out  o r b i t a l  maneuvers a s s o c i a t e d  w i t h  t h e i r  miss ion .  
One v e h i c l e  of t h i s  class t h a t  i s  of c u r r e n t  i n t e r e s t  i s  an  
a e r o a s s i s t  o r b i t a l  t r a n s f e r  v e h i c l e  (AOTV) which w i l l  he  used  t o  t r a n s f e r  
payload  from l o w  t o  high-Earth o r b i t  and back. I n  r e t u r n i n g  from h i g h  t o  
low-ear th  o r b i t ,  t h i s  v e h i c l e  w i l l  u s e  t h e  upper  a tmosphere t o  assist i t s  
r e t r o  r o c k e t s  i n  r educ ing  t h e  v e h i c l e  speed  t o  the E a r t h  o r b i t a l  
v e l o c i t y .  T h i s  w i l l  d e c r e a s e  t h e  amount of p r o p e l l a n t  r e q u i r e d  f o r  t h i s  
maneuver. It has  been determined from p r e v i o u s  s t u d i e s 2  t h a t  a v e h i c l e  
w i t h  L/D i n  t h e  range of at  least 0.2-0.4 is  r e q u i r e d  t o  carry ou t  t h i s  
m i s s i o n  e f f e c t i v e l y .  Vehic les  t h a t  e x h i b i t  t h i s  range of L/D f a l l  i n t o  
t h e  class of very  b l u n t  bodies  such  as 60 deg.-70 deg. s p h e r e  cones o r  
o t h e r  s i m p l e  b l u n t  shapes.  
I n  o r d e r  t o  b e t t e r  unde r s t and  t h e  f low f i e l d ,  p r e s s u r e s ,  l o a d s ,  
aerodynamics ,  and h e a t i n g  on v e h i c l e s  of t h i s  class under  f l i g h t  condi-  
i o n s ,  a n  A e r o a s s i s t  F l i g h t  Experiment (AFE) has  been proposed by r e s e a r c h  
o r g a n i z a t i o n s  w i t h i n  t h e  Na t iona l  Aeronau t i c s  and Space Admin i s t r a t ion .  
Although numerous body shapes  have been c o n s i d e r e d ,  a c o n f i g u r a t i o n  
proposed  by t h e  Johnson Space Cen te r3  a p p e a r s  t o  be a l e a d i n g  c a n d i d a t e  
f o r  t h e  f l i g h t  experiment .  T h i s  c o n f i g u r a t i o n  i s  a b l u n t e d ,  e l l i p t i c  
cone r aked  o f f  at  t h e  base .  T h i s  forebody is  f i t t e d  w i t h  a s k i r t  t y p e  
a f t e r b o d y  having  a generous  co rne r  r a d i u s  t o  reduce  t h e  h e a t i n g  i n  t h e  
r e g i o n  of t h e  forebody-af te rbody j u n c t u r e .  
P 
c 
The purpose  of t h e  p re sen t  pape r  i s  t o  p rov ide  a d e s c r i p t i o n  of t h e  
" r aked ,  e l l i p t i c  cone" geometry proposed f of t h e  a e r o a s s i s t  f l i g h t  exper -  
iment  v e h i c l e  (AFE). Numerical f l ow f i e l d  ne thods  as w e l l  as s t r u c t u r a l  
a n a l y s i s  codes r e q u i r e  a geometry subprogram which can p r o v i d e  body 
c o o r d i n a t e s ,  s l o p e s ,  and r a d i i  of c u r v a t u r e  f o r  t h e  v e h i c l e  i n  q u e s t i o n .  
d e r i v a t i v e s  of t h e  geometry.  I n  t h e  p r e s e n t  pape r ,  a p iece-wise  a n a l y t i c  
These s lopes  a.ld radii Qf cur'vrarnre reqeuire fLrst an2 sccsnd partia: 
d e s c r i p t i o n  i s  p r e s e n t e d  f o r  t h e  proposed  AFE v e h i c l e  i n  a c y l i n d r i c a l  
c o o r d i n a t e  sys tem,  a l o n g  w i t h  a l i s t i n g  of  FORTRAN s u b r o u t i n e s  which w i l l  
p r o v i d e  body c o o r d i n a t e s  and f i r s t  and second  p a r t i a l  d e r i v a t i v e s  f o r  
t h e  body geometry.  
SYMBOLS 
a E l l i p s o i d  p r i n c i p l e  a x i s  i n  x - d i r e c t i o n  
b E l l i p s o i d  p r i n c i p l e  a x i s  i n  y - d i r e c t i o n  
C E l l i p s o i d  p r i n c i p l e  a x i s  i n  z - d i r e c t i o n  
'I-base Leng th  of b a s e  p l a n e  i n  t h e  p l a n e  of  symmetry 
R Rad ius  of c i r c u l a r  a r c  f o r  s k i r t  
r R a d i a l  d i s t a n c e  f rom x -ax i s  
X Axial  d i s t a n c e  f rom v e r t e x  o f  e l l i p t i c a l  c o n e  
X Axial d i s t a n c e  f rom n o s e  o f  body 
- 
Y V e r t i c a l  d i r e c t i o n  (normal  t o  x-z p l a n e )  
Z D i r e c t i o n  normal t o  x-y p l a n e  
s Rake a n g l e  
E 
'b 
Cone e l l i p t i c i t y  r a t i o  t a n  qX, / t an  O x y  
E l l i p s o i d  e l l i p t i c i t y  i n  x-y p l a n e ,  h / a  
. 
h C i  rcumf e r e n t  i a1 a n g l  e: (5 = 90 deg . ,  uppe r  symmetry p l a n e  
3 = 0 deg. ,  p l an fo rm p l a n e  
4 = -90 deg. ,  lower symmetry p l a n e  
T Angular  e x t e n t  o f  c i r c u l a r  a r c  f o r  4 = 9 0  deg. p l a n e  
7 Half  a n g l e  o f  e l l i p t i c a l  c o n e  i n  m e r i d i o n a l  p l a n e  
S u b s c r i p t s :  
b Rearmost p o i n t  o f  r e f e r e n c e  c i r c l e  
C P l a n e  of t angency  between e l l i p s o i d  and e l l i p t i c a l  cone ,  fo remos t  
p o i n t  of r a k e d  c i r c l e  
E E l  1 i psoi  d 
Y 










O S  
I n t e r s e c t i o n  of mer id iona l  c u t  w i t h  b a s e  p l a n e  
The a f t m o s t  c o o r d i n a t e  of t h e  body 
Foremost p o i n t  of body 
I n t e r s e c t i o n  of circle p l a n e  w i t h  x-z p l a n e  
I n t e r s e c t i o n  of base  p lane  w i t h  x-z p l a n e  
Symmetry p l a n e  
P lanform p l a n e  
Cen te r  of el l i p s o i d  
Cen te r  f o r  c i r c u l a r  a r c  
DESCRIPTION 
One geometry c u r r e n t l y  u n d e r  c o n s i d e r a t i o n  f o r  t h e  A e r o a s s i s t  F l i g h t  
Experiment  (AFE) v e h i c l e  is composed of s e v e r a l  segments  of s imple  
geni ' ra l  c o n i c s .  Cons ider  f i r s t  an e l l i p t i c a l  cone ( s e e  F i g u r e  1 )  whose 
axis  is t h e  x-axis i n  a C a r t e s i a n  x-y-z c o o r d i n a t e  system. The apex  of 
t h i s  cone l i e s  a t  t h e  o r i g i n  of t h i s  c o o r d i n a t e  system. The h a l f - a n g l e  
of  t h i s  cone i n  a g iven  mer id iona l  ( @  = c o n s t a n t )  p l a n e  i s  d e f i n e d  t o  be 
8. I n  p a r t i c u l a r ,  t h e  ha l f - ang le  of t h i s  cone i n  t h e  x-y p l ane  is  
d e f i n e d  t o  be exy, wh i l e  i t s  ha l f - ang le  i n  t h e  x-z p l a n e  is  d e f i n e d  t o  be 
ex,. From t h e s e  two a n g l e s ,  t he  cone e l l i p t i c i t y  r a t i o  
( E  = t a n  e x y / t a n  e x z )  i s  determined.  
Now d e f i n e  a r e f e r e n c e  p lane  as one which is normal t o  t h e  x-y p l a n e  
and raked  a t  an angle 6 w i t h  the  x-axis .  The d e f i n i t i o n  of t h e  a n g l e  6 
i s  c o n s t r a i n e d  by t h e  requi rement  t h a t  t h e  i n t e r s e c t i o n  of t h e  r e f e r e n c e  
- X  
F IGURE 1: E l l ip t ica l  Cone 
3 
p l a n e  w i t h  t h e  e l l i p t i c a l  cone forms a c i r c l e  i n  t h e  r e f e r e n c e  
p l a n e  ( s e e  F igu re  2 ) .  The d i a m e t e r  of t h i s  c i r c l e  is  taken  t o  be u n i t y  
s o  t h a t  t h e  body c o o r d i n a t e s  can be r e a d i l y  non-d imens iona l ized  by t h i s  
d i a m e t e r .  The a x i a l  l o c a t i o n  of t h e  i n t e r s e c t i o n  of t h i s  r e f e r e n c e  p l a n e  
w i t h  t h e  x-axis is d e f i n e d  t o  he XR. The a x i a l  c o o r d i n a t e  of t h e  c i r c l e  
i n  a g i v e n  mer id iona l  ( $  = c o n s t a n t )  p l a n e  i s  d e f i n e d  t o  be x,($). I n  
p a r t i c u l a r ,  the  foremost  a x i a l  c o o r d i n a t e  of t h i s  c i r c l e  ( 0  = 90 deg . )  
i s  d e f i n e d  t o  be x,(90 deg . )  = xc ,  w h i l e  i t s  rearmost  a x i a l  c o o r d i n a t e  
( 4  = -90 deg . )  i s  d e f i n e d  t o  be ~ ~ ( - 9 0  deg . )  = Xbm 
Y Y 
\ p l a n e  I 
FIGURE 2: R e f e r e n c e  C i r c l e  
The nose  reg ion  of t h e  p o i n t e d  e l l i p t i c a l  cone forward  of t h e  a x i a l  
p o s i t i o n  xc i s  r e p l a c e d  by a p o r t i o n  of an e l l i p s o i d  which is t angen t  t o  
t h e  e l l i p t i c a l  cone i n  eve ry  mer id iona l  p l a n e  a t  x = xc  ( s e e  F i g u r e  3 ) .  
The center of the  e l l i p s o i d  i s  de f ined  t o  be ( x o , O , O ) .  The shape  of t h i s  
e l l i p s o i d  ( t h a t  i s ,  t h e  p r i n c i p l e  axes  a , b , c )  i s  t h e r e f o r e  de te rmined  by 
i t s  e l l i p t i c i t y  i n  t h e  x-y p l ane  ( E h ) ,  a l o n g  w i t h  t h e  shape  of t h e  
o r i g i n a l  cone. The foremost  a x i a l  c o o r d i n a t e  of t h i s  e l l i p s o i d  ( t h e  nose 
of  t h e  body)  i s  d e f i n e d  t o  be x \ r .  
T h e  r eg ion  of t h e  e l l i p t i c  cone between x = xc  and t h e  r e f e r e n c e  
c i r c l e  i s  a f u n c t i o n  of 9. For example,  a t  4 = 90 deg . ,  t h i s  r e g i o n  does 
n o t  e x i s t ,  whi le  f o r  4 = -90 deg . ,  t h e  a x i a l  e x t e n t  of t h e  r e g i o n  is  
Xb - xC. For t h i s  p o r t i o n  of t h e  geometry,  p a r t  of t h e  o r i g i n a l  












FIGURE 3: El l ipsoidal  N o s e  
‘In each  $J = c o n s t a n t  p l ane ,  a c i r c u l a r  arc of r a d i u s  R i s  f i t  
t a n g e n t  t o  t h e  e l l i p t i c a l  cone  a t  t h e  r e f e r e n c e  c i r c l e ,  forming  a s k i r t .  
The c e n t e r  of r o t a t i o n  of t h i s  arc  (xos , ros )  i s  a f u n c t i o n  of $. The 
rear  of t h e  body i s  d e f i n e d  by a h a s e  p l a n e  which i s  p a r a l l e l  t o  t h e  
r e f e r e n c e  p l a n e  (see F i g u r e  4 ) .  The a n g u l a r  e x t e n t  (T) of  t h e  c i r c u l a r  
a r c  i n  t h e  $ = 90 deg. p l a n e  d e f i n e s  t h e  d i s t a n c e  between t h e  r e f e r e n c e  
p l a n e  and t h i s  b a s e  p l ane .  Note t h a t  t h i s  r e s u l t i n g  b a s e  p l a n e  i s  not  a 
c i rc le .  The a x i a l  l o c a t i o n  of t h e  i n t e r s e c t i o n  of t h i s  b a s e  p l a n e  w i t h  
t h e  x-z p l a n e  i s  d e f i n e d  t o  be XR2, w h i l e  t h e  axial  c o o r d i n a t e  of t h e  
h a s e  (which is  a f u n c t i o n  of $ )  i s  d e f i n e d  f o r  a g i v e n  mer id iona l  c u t  t o  
h e  xm2($). 
T h i s  geometry can  be comple te ly  d e f i n e d  a n a l y t i c a l l y  s imply  by 
s p e c i f y i n g  exy,6,R,Eh, and T. 
c o o r d i n a t e  sys t em,  a l o n g  w i t h  the  f i r s t  p a r t i a l  d e r i v a t i v e s  (rX,r,+,) and 
second  p a r t i a l  d e r i v a t i v e s  ( r x x , r $ $ , r x $ ) ,  can  be c a l c u l a t e d  f o r  any 
p o s i t i o n  ( x , $ )  on t h e  body. 




r e f e r e n c e  
c i r c l e  
x m , ( 8 )  
\ 1 \ 
GURE 4: C o m p l e t e  G e o m e  
ANALYSIS 
Severa l  parameters  a r e  c o n s t a n t  f o r  t h e  e n t i r e  body, and t h u s  may be 
c a l c u l a t e d  once a t  t h e  beg inn ing  of t h e  a n a l y s i s .  From t h e  geometry of 
t h e  i n t e r s e c t i o n  of t h e  r e f e r e n c e  p l ane  wi th  t h e  e l l i p t i c a l  cone be ing  a 
c i r c l e ,  i t  follows t h a t  
so t h a t  
cos' e - cos2  6 
XY 
2 
s i n  oxy 
c o t 2  e,, = - 
o r  




s o  t h a t  
1 - cos2  6 s i n 2  5 t a n 2  
1 + cot  Ox, 1 + t a n  9,, 
XZ 
= s i n 2  o X z  s i n 2  6 - 2 2 s i n 2  oxy = 
There f  ore,  
s i n  0 
XY s i n  O x z  = s i n  6 
Now d e f i n e  t h e  cone  e l l i p t i c i t y  r a t i o  t o  be  
t a n  3 
xy 
t a n  O X z  
E =  
The e q u a t i o n  f o r  t h e  e l l i p s o i d  i s  
where  (xo,O,O) i s  t h e  c e n t e r  of  t h e  e l l i p s o i d .  F o r  z = 0, t h e  e l l i p s e  
i n  t h e  x-y p l a n e  i s  
D i f f e r e n t i a t e  e q u a t i o n  ( 4 )  wi th  r e s p e c t  t o  x t o  o b t a i n  
( 5 )  
7 
The s l o p e  of t h e  e l l i p t i c a l  cone  i n  t h i s  p l a n e  i s  
(z) = t a n  oxy 
C 
I n  t h e  tangency p l a n e  (x = xc,  y = rc )  
Thus, 
2 2  
x b /a  
t an2  0 + b /a 
XY 
0 xc = -_I--_______ 
2 2  
I n  a n  ana logous  manner, f o r  y = 0,  t h e  e l l i p s e  in t h e  x-z p l a n e  i s  
s o  t h a t  
and 
8 
3 2  - x  2 -
= t a n  ex, a x  a 
x ~ 2 / a 2  
t a n  0 + c /a 
0 x = -- 




E q u a t i o n s  ( 8 )  and ( 9 )  y i e l d  
t a n  0 
t a n  O x y  E 
x= = !? c = b  
and by d e f i n i t i o n  
a = b/Eb 
Rea r rang ing  ( 7  1 
x t a n 2  9 
b 2 / a 2  
C xy xc - xo = - 
From t h e  geometry  of t h e  e l l i p t i c a l  cone  
XY 
yc = xc t a n  ? 
S u b s t i t u t e  e q u a t i o n s  ( 1 2 )  and ( 1 3 )  i n t o  ( 4 )  t o  o b t a i n  
xy x2 t a n 2  o C + = 1  XY 
a2  x2 t a n 4  3 
C 
b4 b2 
Div ide  by t h e  2nd t e r m  and t h e  r e s u l t  i s  
- a2 t a n 2  oxy + 1 = 
b2 xc tan2  o x y  
b2 
s o  t h a t  
1 / 2  
b = xc t a n  3 t a n 2  g X y  + 11 
( 1 0 )  
( 1 1 )  
( 1 2 )  
( 1 3 )  
9 
From t h e  geometry 
x t a n  8 y c  - C xy t a n  6 = 
x - x  x - x  R C R c  
and 
x t a n  8 
-'b - b xy t a n  6 = x b R  - x  R x - x  b 
s o  t h a t  
x t a n  6 
t a n  6 + t a n  eXy 
R x =  c 
and 
x t a n  6 
t a n  6 - t a n  BXy - 
R x =  
b 
Also from t h e  geometry ( f o r  a r e f e r e n c e  c i r c l e  of u n i t  d i a m e t e r )  
yC - yb = - (X - x ) t a n  0 
C b XY 
= s i n  6 
S u b s t i t u t e  e q u a t i o n s  (15a )  and (15b)  i n t o  ( 1 6 )  t o  o b t a i n  
x t a n  6 
t a n  6 - t a n  Oxy 
s i n  6 
t a n  Oxy 
_ -   R 
- x tan 6 
t a n  6 + t a n  8 xy + 
R 
Thus,  
cos 6 2 XR = 2 tan O,y t a n  6 ( t a n 2  6 - t a n  o,~) 
, 
S u b s t i t u t e  t h i s  e x p r e s s i o n  i n t o  ( 1 5 a )  t o  o b t a i n  
s i n  6 - cos  6 t a n  8 
----XY cos 6 
xc = 2 t a n  eXy ( t a n  6 - t a n  O x y )  = 2 t a n  O x y  
Rea r range  e q u a t i o n  ( 1 2 )  t o  o b t a i n  
2 
x ( t a n 2  8 + b2 /a2 )  
xo = C XY = x C ( l  + t a n 2  exy/Eb) 
b 2 / a 2  
t a n 2  8 
*’) and s u b s t i t u t e  i n t o  e q u a t i o n  2 
b 
Now s o l v e  e q u a t i o n  (14)  f o r  ( 1  + 
E 
(17)  t o  o b t a i n  
b2  
xc t a n  2 
xo = 
XY 
From t h e  geometry 
XN = xo - a 
and 
- exy - 6 )  - (exy + 613 
The e q u a t i o n s  above are used  t o  c a l c u l a t e  Ox, ,  E ,  a ,  b ,  c, xo, XN, 
xc,  X R ,  and XR2 from t h e  i n p u t  p a r a m e t e r s  O x y ,  6 ,  R ,  ~ b ,  and T .  The re- 
ma in ing  pa rame te r s  are dependent on t h e  two independen t  body c o o r d i n a t e s  
(x,+). For pu rposes  of a n a l y s i s ,  t h e  body i s  t reated i n  t h r e e  s e c t i o n s :  
t h e  e l l i p s o i d a l  n o s e ,  e l l i p t i c a l  cone,  and s k i r t .  Two o p t i o n s  are a v a i l -  
a b l e  f o r  t h e  a f t e r b o d y .  One o p t i o n  i s  t o  model t h e  a c t u a l  geometry so 
t h a t  t h e  s k i r t  cu rves  back t o  t h e  b a s e  p l ane .  Ano the r  o p t i o n  i s  t o  
r e p l a c e  t h e  a c t u a l  a f  t e rbody  w i t h  a c y l i n d r i c a l  a f  t e r b o d y  e x t e n s i o n .  
This e x t e n s i o n  begins at  
The  e q u a t i o n s  f o r  t h i s  a f t e r b o d y  e x t e n s i o n  are p r e s e n t e d  i n  t h i s  r e p o r t ,  
in a d d i t i o n  t o  iiie equatioiis ior i i i e  ac iua i  a i i e r b o d y .  
xes(+) s o  t h a t  i t  i s  t a n g e n t  t o  t h e  s k i r t .  
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S e c t i o n  I: E l l i p s o i d a l  Nose 
Region: XN C x C xc 
L e t  y = r s i n  9 and z = r c o s  Cp. S u b s t i t u t e  t h e s e  e x p r e s s i o n s  i n t o  




s o  t h a t  
D i f f e r e n t i a t e  e q u a t i o n  (18 )  w i t h  r e s p e c t  t o  x t o  o b t a i n  
x - x  
0 
Now d i f f e r e n t i a t e  e q u a t i o n  ( 1 8 )  w i t h  r e s p e c t  t o  4 t o  o b t a i n  
r s i n  4 cos  @[%- +] 
C b 
12 




2 a r  
ax 2 
- =  




o r  
D i f f e r e n t i a t e  e q u a t i o n  (20 )  w i th  r e s p e c t  t o  x t o  o b t a i n  
ar s i n  (24)  
2 a r  - -  - axa  4 2 p2  Q + c o s 2  $1 
2 
C 
Now d i f f e r e n t i a t e  e q u a t i o n  (20) w i t h  r e s p e c t  t o  0 t o  o b t a i n  
S e c t i o n  11: E l l i p t i c a l  Cone 
Region: xc < x < xm 
From t h e  geometry 
c o t  2 0 = cos 2 Q c o t 2  e + s i n  2 Q c o t 2  o 
XZ XY 
c o t  2 e = c o t 2  e [ s i n 2  4 + E: 2 cos 2 $ 1  
XY 
13  
so t h a t  
t a n  0 
XY 
2 1 /2  
t a n  0 = 
[ s i n 2  Q + E cos2 0 1  
D i f f e r e n t i a t e  e q u a t i o n  ( 2 1 )  w i t h  r e s p e c t  t o  0 t o  o b t a i n  
3 2 
d? - s i n  8 cos  4 s i n >  [ E  - 11 
d+ cos  3 2 
- -  
t a n  9 xy 
A1 s o  from t h e  geometry 
and 
X 
= x t a n  i3 2 2 2 2 r =  
! s i n  A cot  o x y  + cos c o t  > xzl ’ 
D i f f e r e n t i a t e  e q u a t i o n  ( 2 4 )  w i t h  r e s p e c t  t o  x t o  o b t a i n  
_ -  3 r  - t a n  9 
2X 
Now d i f f e r e n t i a t e  e q u a t i o n  ( 2 4 )  w i t h  r e s p e c t  t o  3 t o  o b t a j n  
3 ar r 
s i n  3 cos ? [ c o t 2  o - c o t 2  0 1 
3 3  x2  xz XY 
- = -  
( 2 2 )  
14 
D i f f e r e n t i a t e  e q u a t i o n  (25)  with r e s p e c t  t o  x t o  o b t a i n  
axL 
Now d i f f e r e n t i a t e  e q u a t i o n  (25) w i t h  r e s p e c t  t o  Q t o  o b t a i n  
2 d e  sec 8 - 
2 a r  - =  
a x a  4 d +  
D i f f e r e n t i a t e  e q u a t i o n  (26)  with r e s p e c t  t o  4 t o  o b t a i n  
X [2 t a n  + $1 2 a r  - =  
a $  cos2 e 
D i f f e r e n t i a t e  e q u a t i o n  (22)  with r e s p e c t  t o  4 t o  o b t a i n  
2 
- d2  8 = t a n  e [E] 
d g2 
2 
(' - 1)sin2 [&in e c o s  (24)  + 3cos 6 sin ( 2 4 )  "3 
2 d 4  
+ 
2 cos 8 t a n  Oxy 
S e c t i o n  111: C i r c u l a r  Arc S k i r t  
Region: Xm < x C xm2, f o r  b a s e  p l a n e  o p t i o n  
Xm < x C xes, f o r  c y l i n d r i c a l  a f t e r b o d y  o p t i o n  
The e q u a t i o n  of t h e  c i r cu la r  a rc  i s  
2 2 
( x - x  + ( r - r  1 2 = ~  os OS 
where: i X o s , r o s j  i s  t h e  c e n t e r  of t h e  circle; 
R i s  t h e  r a d i u s ,  a n  i n p u t  pa rame te r  
15  
Rearrange  t h i s  e q u a t i o n  t o  o b t a i n  
r = ros + [ ~2 - ( x  - xos)2]  1 / 2  
D i f f e r e n t i a t e  e q u a t i o n  ( 2 7 )  w i t h  respect  t o  x t o  o b t a i n  
x - x  a r  - os 
a x  - _ - ~ -  r - r  os 
Now d i f f e r e n t i a t e  e q u a t i o n  ( 2 7 )  w i t h  r e s p e c t  t o  (I t o  o b t a i n  
a r  a x  
ar  OS a r  OS 
a +  a +  ax a +  
- =  
From t h e  geometry 
ros = x, t a n  0 - R cos 8 
and 
xos = x, t R s i n  8 
D i f f e r e n t i a t e  e q u a t i o n  (30)  w i t h  r e s p e c t  t o  x t o  o b t a i n  
a r  a x  
0 - 0 and -- = O S  os -- - a x  a x  
S i n c e  t h e s e  p a r t i a l  d e r i v a t i v e s  w i  h r e spec  t o  x a r e  e q u a l  t z e r o ,  t h e  
p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  Q are a c t u a l l y  t o t a l  d e r i v a t i v e s .  
Thus ,  d i f f e r e n t i a t i n g  (30 )  w i t h  r e s p e c t  t o  + g i v e s  
3 + R s i n  (3 d r  dx d+ dO m - -  os  
16 
D i f f e r e n t i a t e  e q u a t i o n  (23 )  w i th  r e s p e c t  t o  Q t o  o b t a i n  
de s i n  Q t a n  9 cos Q + ---- -=- - -  
dQ cos2  e 
2 ax -x m m cos 6 
dQ x s i n  6 R 
D i f f e r e n t i a t e  e q u a t i o n  (28) a g a i n  w i t h  r e s p e c t  t o  x t o  o b t a i n  
r - r  
os 
2 a x  
Now d i f f e r e n t i a t e  e q u a t i o n  (28) w i t h  r e s p e c t  t o  6 t o  o b t a i n  
D i f f e r e n t i a t e  e q u a t i o n  ( 2 9 )  w i t h  r e s p e c t  t o  Q t o  o b t a i n  
D i f f e r e n t i a t e  e q u a t i o n  (31a)  w i t h  respect t o  Q t o  o b t a i n  
2 2 
d2; [. s i n  e + --- t a n  9 + --
xm I a xm -- = --- d6 c o s 2  e 
2 d x  m de 2 
R cos 8 + 2x, sec 0 
cos e 
17 
and e q u a t i o n  (31b)  w i t h  r e s p e c t  t o  6 t o  o b t a i n  
- = - + R[$ cos 0 - 
2 d x  
s i n  e 3 2 2 d x  dB o s  m dO d6 
D i f f e r e n t i a t e  e q u a t i o n  ( 3 2 )  w i t h  r e s p e c t  t o  + t o  o b t a i n  
L L d x  x cos 6 m 




+ s i n  o [ z  t a n  0 + - - 
I f  t h e  b a s e  p l a n e  o p t i o n  i s  e x e r c i s e d ,  t h e  end of t h e  c i r c u l a r  a r c  
s k i r t  r e g i o n  i s  d e f i n e d  by  
s i n  6 V - W 
V Xm2 = Xos + 
where 
( 3 3 )  
U = s i n  6 ( x r 2  - xes) - rOs c o s  6 s i n  $ 
S = s i g n  (6) 
Applying  e q u a t i o n s  ( 3 3 )  and ( 2 7 )  a t  0 = 90 deg. and 0 = - 9 0  deg. y i e l d s  
a n  e x p r e s s i o n  f o r  t h e  l e n g t h  of  t h e  b a s e  p l a n e  i n  t h e  p l a n e  o f  symmetry. 
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S e c t i o n  I V :  C y l i n d r i c a l  Af te rbody Opt ion  
Region: x > xos 
Note: The e q u a t i o n s  f o r  t h e  base p l a n e  o p t i o n  are l o c a t e d  i n  t h e  Appendix. 
For  t h e  c y l i n d r i c a l  a f t e r b o d y  
r = rOS + R 
D i f f e r e n t i a t e  e q u a t i o n  ( 3 4 )  w i t h  r e s p e c t  t o  x t o  o b t a i n  
0 
ar 
a x  
- =  
D i f f e r e n t i a t e  e q u a t i o n  ( 3 4 )  with  r e s p e c t  t o  + t o  o b t a i n  
ar de  dx* - = [xm s e c 2  e + R s i n  el- + t a n  o - a +  d+ d+ 
D i f f e r e n t i a t e  e q u a t i o n  ( 3 5 )  a g a i n  w i t h  r e s p e c t  t o  x t o  o b t a i n  
2 
- =  a r  0 
2 a x  
D i f f e r e n t i a t e  e q u a t i o n  ( 3 6 )  with  r e s p e c t  t o  x t o  o b t a i n  
2 
- =  a r  0 
axa+ 
D i f f e r e n t i a t e  e q u a t i o n  ( 3 6 )  aga in  w i t h  r e s p e c t  t o  + t o  o b t a i n  
m dB d20  + 2 -- sec2 e + ( x  sec2 e + Rsin  e)-- 
d+2 
t a n  8 -
d x  
d($ dO m 
2 
% 2 a r  - =  
a 92 d+2 
, A  c) 2 uu L 
+ (2x t a n  8 sec e + R COS e)(-) 
m dO 
( 3 4 )  
(35 )  
A s  a sample case, v a l u e s  f o r  t h e  body c o o r d i n a t e s ,  f i r s t  d e r i v -  
t i v e s ,  and second d e r i v a t i v e s  are c a l c u l a t e d  a t  d i s c r e t e  l o c a t i o n s  o v e r  
t h e  range  of -90 < + 
base  p l a n e  o p t i o n  i s  e x e r c i s e d  i n  c o n j u n c t i o n  w i t h  t h e  f o l l o w i n g  v a l u e s :  
T = oxy = 60 deg., 
t a b u l a t e d  i n  Tables  1 th rough  5 ( f o r  + = 90,  -90, 4 5 ,  - 4 5 ,  and 0 d e g r e e s ,  
r e s p e c t i v e l y ) ,  immediately f o l l o w i n g  t h e  conc lud ing  remarks.  
6 ,  7 ,  8 ,  and 9 i l l u s t r a t e  t h e  body shape ,  and ax ia l  d i s t r i b u t i o n  of f i r s t  
and second d e r i v a t i v e s ,  f o r  t h e s e  same + va lues .  These f i g u r e s  are 
l o c a t e d  a f t e r  t he  Tables .  
90 deg. and xN < x < x , ~ ( $ ) .  For t h i s  case, t h e  
6 = 7 3  deg. ,  R = 0.1, and Eb = 1. The r e s u l t s  are 
F i g u r e s  5 ,  
CONCLUDING MARKS 
A p i ecewise  a n a l y t i c  r e p r e s e n t a t i o n  € o r  a " raked  e l l i p t i c  cone" 
geometry proposed f o r  t h e  A e r o a s s i s t  F l i g h t  Experiment (AFE) v e h i c l e  h a s  
been developed.  These e x p r e s s i o n s  d e f i n e  t h e  body c o o r d i n a t e s  and f i r s t  
and second p a r t i a l  d e r i v a t i v e s  f o r  any p r e s c r i b e d  a x i a l  and circiiinf e r e n -  
t i a l  p o s i t i o n  on t h e  v e h i c l e .  
20 
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APPENDIX: Base P lane  Option 
Region: xm2 < x < XR2, 0 > 0 
x = XR2 , g = o  
XR2 < < Xm2, ($ < 0 
From the geometry 
D i f f e r e n t i a t e  e q u a t i o n  (A-1) with  r e s p e c t  t o  x t o  o b t a i n  
t a n  6 ar 
a x  s i n  4 
- -- - -  
D i f f e r e n t i a t e  e q u a t i o n  (A-1) with  r e s p e c t  t o  4 t o  o b t a i n  
D i f f e r e n t i a t e  e q u a t i o n  (A-2) a g a i n  
- -  - r co t  4 
w i t h  r e s p e c t  t o  x t o  o b t a i n  
2 a r  
2 a x  
- -  - 0  
D i f f e r e n t i a t e  e q u a t i o n  (A-3) with  r e s p e c t  t o  x t o  o b t a i n  
Now d i f f e r e n t i a t e  e q u a t i o n  (A-3) a g a i n  w i t h  r e s p e c t  t o  4 t o  o b t a i n  
(A-2) 
(A-3) 
For  4 < 0 ,  r is  double  valued.  One s u r f a c e  i s  d e f i n e d  by t h e  Base 
P l a n e  e q u a t i o n s ,  wh i l e  t h e  o t h e r  i s  w i t h i n  e i t h e r  t h e  E l l i p t i c a l  Cone or  
t h e  C i r c u l a r  Arc S k i r t  r eg ion .  The maximum a x i a l  d i s t a n c e  on t h e  body is  
= Xm2 € o r  4 = - 90 degrees .  
21 
T h i s  page i s  l e f t  blank i n t e n t i o n a l l y  
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TABLE 2. Body Coordinates and Partial Derivatives f o r  Samples Case 
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Phi = -90, de$ 
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TABLE 4 .  Body C o o r d i n a t e s  and P a r t i a l  Derivat ives  f o r  Sample  Case 
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FIGURE 5: G r a p h i c a l  R e s u l t s  of Sample 
Case ($ = 90 deg.)  
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FIGURE 6 :  G r a p h i c a l  R e s u l t s  of Sample 
Case ($ = - 90 deg.)  
(Dz-90 d e g  
-5.0 - I T  
100 
-1.0 I I I 
-1.0-I 
0.00 0.275 0.55 
X 






. FIGURE 7: Graphical Results of Sample Case (9 = 45 deg. ) 
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